Introduction
As environmental regulations become ever more stringent and the cost of fresh water increases, the need for production facilities that produce the least amount of effluent water becomes greater. In the past the main focus of research has been on developing methodologies to reduce wastewater in continuous processes. The main driving force behind this is that continuous processes produce much larger volumes of wastewater than batch processes. Moreover, the time implications that have to be addressed due to the discontinuous nature of batch processes are completely overridden in continuous processes.
Wastewater generated from a batch operation is usually characterised by high toxicity levels due to the nature of batch plants, e.g. pharmaceuticals and agrochemicals. However, the volume of water is relatively small. The high toxicity levels make the minimisation of wastewater from batch processes important. Wastewater is generally generated during operations such as liquid-liquid extraction and cleaning of process vessels. As most processes deal with more than one chemical during their operation, wastewater generated from most processes usually have more than one contaminant present. Existence of multiple contaminants instead of just a single contaminant adds further constraints to wastewater minimisation problems.
The inherent discontinuous nature of batch processes complicates the development of a methodology to minimise wastewater, since the methodology not only has to take inlet and outlet concentrations into consideration, but also the times at which water is used during the operation. Many methodologies have been developed to deal with the minimisation of wastewater in continuous processes. The methods proposed can be divided into graphical (Hallale, 2002; Olesen & Polley, 1997; Wang & Smith, 1994 , 1995a and mathematical (Alva-Argáez, Kokossis, & Smith, 1998; Doyle & Smith, 1997; Jödicke, Fischer, & Hungerbühler, 2001; Savelski & Bagajewicz, 2000) methodologies. Graphical methodologies have inherent difficulties when dealing with multiple contaminants, due to the multiple dimensions introduced. On the other hand multiple contaminants can be incorporated easier into mathematical methodologies, since they are fundamentally not limited in dimension.
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Wastewater minimisation without storage
The mathematical formulation for the case where there is recycle and reuse of wastewater without intermediate storage is based on the superstructure given in Fig. 1 (Majozi, 2005) . In each water using operation, water into the unit is a combination of the freshwater and water recycled from other units to that unit. Water leaving the unit can either be discarded as effluent or be recycled/reused in other T. Majozi, J.F. Gouws / Computers and Chemical Engineering xxx (2009) units. It is highly imperative to realise that the water use and reuse variables shown in Fig. 1 correspond to the washing operation that follows immediately after the production of particular state in unit j, i.e. s out,j . Consequently, these variables are task-specific, which allows scheduling to be readily embedded within the water reuse and recycle framework.
Mass balance constraints without reusable water storage
The first constraints considered are the mass balance constraints. A mass balance is done over the inlet into a unit j, over the outlet of the unit and over the unit itself. Constraint (1) is a water balance over the inlet to unit j. The total water into a unit is the sum of all the recycles to the unit and the fresh water into the unit j at time point p. It is assumed that any operation that takes place in unit j does not produce water as captured in constraint (2). Constraint (3) is an outlet water balance from unit j. Here the total water out of a unit is the sum of all the recycle streams to other units and the water discarded as effluent. Constraint (4) is a contaminant balance over unit j. It is also the definition if the outlet concentration. The mass of contaminants out of unit j is the sum of the contaminants into the unit j and the mass of contaminants added from the operation performed in the unit. As there are more than one contaminants present in the system the balance has to be done for each contaminant c. Constraint (5) is the definition of the inlet concentration of contaminant c to unit j. The inlet concentration is defined as the mass of contaminants from the recycle streams divided by the total water into unit j:
, ∀j, j ∈ J, s out,j ∈ S out,j , p ∈ P, c ∈ C
The outlet concentration of each contaminant c in unit j cannot exceed its maximum limit as stated in constraint (6). Constraint (7) ensures that the total water into a unit j does not exceed the maximum allowable for the operation in unit j. Constraint (8) restricts the mass of water recycled into the unit j to the maximum allowable water for the operation in unit j. Constraint (9) stipulates that the inlet concentration for contaminant c into unit j cannot exceed its upper limit. T. Majozi, J.F. Gouws / Computers and Chemical Engineering xxx (2009) 
The maximum water quantity into a unit is represented by Eq. (10). It is important to note that for multi-contaminant wastewater the outlet concentrations of the individual components cannot all be set to the maximum, since the contaminants are not limiting simultaneously. The limiting contaminant(s) will always be at the maximum outlet concentration and the non-limiting contaminants will be below their respective maximum outlet concentrations:
, ∀j ∈ J, s out,j ∈ S out,j
Due to the discontinuous nature of batch processes the mass balances are not enough to fully describe the system. Sequencing constraints need to capture the discontinuous nature of the operation.
Water recycle/reuse sequencing constraints
Scheduling of the recycle/reuse streams is important because of the discontinuous manner of the streams existence. Wastewater can only be recycled/reused if the unit producing the wastewater and the unit receiving the wastewater finish operating and begin operating at the same time, respectively. This basically means that wastewater can only be recycled/reused once it has been produced. Furthermore wastewater can only be recycled/reused if there is a unit that starts operating at the time when water is available. The recycle/reuse of wastewater to a unit is also subject to concentration constraints. The first constraint considered is constraint (11). This constraint stipulates that recycle/reuse between units can only take place when the unit receiving the wastewater is operating at that time point. The unit receiving the wastewater, however, does not need to receive wastewater to operate, i.e. it can operate independent of the wastewater recycle/reuse. Constraints (12) and (13) ensure that the time at which recycle/reuse of water takes place is the same time as that at which water is produced. Constraints (14) and (15) ensure that the starting time of the unit receiving water coincides with the time at which that water is recycled/reused. It is worthy to note that in the absence of recycle/reuse, constraints (12)- (15) become redundant:
Scheduling constraints associated with water recycle/reuse
Each water using operation in the time horizon has to be scheduled accordingly, within the overall framework of operation scheduling. This is captured in Eqs. (16)-(19). Constraints (16) and (17) ensure that unit j is washed immediately after completing a task that produces s out,j . Constraint (18) is a duration constraint, which defines the starting and ending times of a unit j during the washing operation. Constraint (19) stipulates that the washing operation can only commence at time point p if the task producing state s out,j was activated at the previous time point. This could be considered as a complementary constraint to constraints (16)-(18). Constraint (20) is optional in the presence of constraint (72).
Linearisation
Constraints (4) and (5) contain bilinear terms. This makes the model non-linear. The terms can be linearised according to the linearisation of bilinear terms proposed by Quesada and Grossmann (1995) . The linearisation is as follows.
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and the following constraints for 2 :
and the following constraints for 3 :
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Substituting the above linearised variables into constrains (4) and (5) give constraints (32) and (33):
Wastewater minimisation with central storage
The formulation of the model with storage is based on the superstructure given in Fig. 2 . The total water flowing into the unit in this instance is the sum of the fresh water, the water recycled/reused from the other units and the water from storage. The water leaving the unit is then the sum of the water going to effluent, the water going to storage and the water being reused/recycled.
Mass balance constraints with reusable water storage
Constraints (1), (3) and (5) need to be modified to cater for the storage of the wastewater, thus yielding constraints (34), (35) and (36). The difference in the new constraint is that water into the unit is not only water from recycle and fresh water, but water from storage as well, given in constraint (34). This is similar for constraint (35) where outlet water involves recycled water, water that goes to effluent and water that goes to storage. The inlet concentration is not only affected by the contaminants from the recycle as in the previous case, but also the contaminants in the water from the storage tank as stated in constraint (36): mw in (s out,j , p) = s out,j mw r (s out,j , s out,j , p) + mw f (s out,j , p) + ms out (s out,j , p), ∀j, j ∈ J, s out,j ∈ S out,j , p ∈ P (34) mw out (s out,j , p) = s out,j mw r (s out,j , s out,j , p) + mw e (s out,j , p) + ms in (s out,j , p), ∀j, j ∈ J, s out,j ∈ S out,j , p ∈ P T. Majozi, J.F. Gouws / Computers and Chemical Engineering xxx (2009) 
One would notice that Eq. (36) contains terms that have been linearised previously as well as an additional non-linear term. The additional non-linear term is linearised in the similar manner as the other terms by noting that the maximum value of the mass flow is the maximum allowable water for the receiving unit and the maximum concentration of a contaminant in the storage vessel is the absolute maximum outlet concentration of that contaminant from all units. Besides the mass balances over the water using operation, there also has to be mass balances over the storage unit. Constraint (37) is a water balance over the storage unit. The water in the storage vessel at a certain time point is the difference between the water flowing into and from the storage vessel and the water possibly stored from a previous time point. Constraint (38) is a water mass balance at the beginning of the time horizon. At the beginning of the time horizon there is no water flowing into the vessel, but there might be an initial amount of water in the vessel and hence there might be water leaving the vessel. Constraint (39) ensures that the water in the storage vessel does not exceed the storage vessels capacity. Constraint (40) is the definition of the inlet concentration into the storage vessel and constraint (41) is the definition of the outlet concentration from the vessel. It should be noted that constraint (41) is based on the assumption that the contaminant concentration inside the storage unit is the same as the concentration of the exit stream. Constraint (42) is the initial concentration of water in the storage tank at the beginning of the time horizon, provided there is an initial amount of water in the storage tank. Constraint (43) ensures that water flowing from storage to unit j does not exceed unit j's capacity:
, ∀j ∈ J, s out,j ∈ S out,j , p ∈ P, c ∈ C (40)
, ∀j ∈ J, s out,j ∈ S out,j , p ∈ P, p > p 1 , c ∈ C (41)
As one would notice there are non-linear terms in Eqs. (40) and (41). One of the non-linear terms can be negated by substituting Eq. (40) into Eq. (41). The non-linear terms in the resulting equation are then linearised in a similar fashion to that previously discussed.
Sequencing constraints associated with storage
Constraints (44) and (45) ensure that the time at which wastewater is produced from a unit is the same time at which the wastewater is transferred to storage. Furthermore, wastewater can only be sent to storage if unit j, which produced the wastewater, has operated. 
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However, the fact that unit j has operated does not mean that there is water that needs to be sent to storage from unit j. This is captured in constraint (46): ts in (s out,j , p) ≥ tw out (s out,j , p) − H(1 − ys in (s out,j , p)), ∀j ∈ J, s out,j ∈ S out,j , p ∈ P, p > p 1 (44) ts in (s out,j , p) ≤ tw out (s out,j , p) + H(1 − ys in (s out,j , p)), ∀j ∈ J, s out,j ∈ S out,j , p ∈ P, p > p 1 (45) ys in (s out,j , p) ≤ yw(s out,j , p − 1), ∀j ∈ J, s out,j ∈ S out,j , p ∈ P, p > p 1
Constraints (47) and (48) ensure that the time at which wastewater goes from storage to a unit j is the same time at which unit j starts its operation. Constraint (49) ensures that the unit is indeed operating when the unit is using wastewater from storage. The unit, however, does not necessarily have to use water from storage when it operates. A unit will not use the water in storage if there is a violation of the inlet concentration of the water into the unit or if there is simply no water in the storage vessel. ts out (s out,j , p) ≥ tw in (s in,j , p) − H(1 − ys out (s out,j , p)), ∀j ∈ J, s out,j ∈ S out,j , p ∈ P (47) ts out (s out,j , p) ≤ tw in (s in,j , p) + H(1 − ys out (s out,j , p)), ∀j ∈ J, s out,j ∈ S out,j , p ∈ P (48) ys out (s out,j , p) ≤ yw(s out,j , p), ∀j ∈ J, s out,j ∈ S out,j , p ∈ P
Constraint (50) ensures that when water is transferred to a unit at time point p, the time at which this happens is later in the time horizon than any previous time water was transferred to other units at previous time points. Constraints (51) and (52) ensure that the time at which wastewater is moved from storage to different units at the same time point is the same time, i.e. all the water leaving the storage tank at time point p leaves at the same time:
ts out (s out,j , p) ≥ ts out (s out,j , p) − H(2 − ys out (s out,j , p) − ys out (s out,j , p)), ∀j, j ∈ J, s out,j ∈ S out,j , p ∈ P (51) ts out (s out,j , p) ≤ ts out (s out,j , p) + H(2 − ys out (s out,j , p) − ys out (s out,j , p)), ∀j, j ∈ J, s out,j ∈ S out,j , p ∈ P
Constraint (53) is similar to constraint (50), but it applies to inlet streams to the storage tank. Constraints (54) and (55) ensure that the time at which there is wastewater going to storage from unit j and unit j corresponds to the same time at a time point:
ts in (s out,j , p) ≤ ts in (s out,j , p) + H(2 − ys in (s out,j , p) − ys in (s out,j , p)), ∀j, j ∈ J, s out,j ∈ S out,j , p ∈ P
Constraint (56) ensures that the outlet time of water from storage tank at a time point occurs later than the inlet time at previous time points. Constraints (57) and (58) ensure that at time point p the time at which water is moved to storage is the same as the time at which water leaves the storage. ts out (s out,j , p) ≥ ts in (s out,j , p ) − H(2 − ys out (s out,j , p) − ys in (s out,j , p )), ∀j, j ∈ J, s out,j ∈ S out,j , p, p ∈ P, p ≥ p (56) ts out (s out,j , p) ≥ ts in (s out,j , p) − H(2 − ys out (s out,j , p) − ys in (s out,j , p)), ∀j, j ∈ J, s out,j ∈ S out,j , p ∈ P (57) ts out (s out,j , p) ≤ ts in (s out,j , p) + H(2 − ys out (s out,j , p) − ys in (s out,j , p)), ∀j, j ∈ J, s out,j ∈ S out,j , p ∈ P
The following constraints ensure that all the water reuse and recycle opportunities are explored within the time horizon of interest:
Production scheduling constraints
The operation scheduling model has been presented in detail in another publication (Majozi & Zhu, 2001) , but is briefly presented in this section of the paper for continuity purposes.
Capacity constraint
The capacity constraint ensures that the amount of material processed in unit j at any time point p does not exceed the capacity of the unit: T. Majozi, J.F. Gouws / Computers and Chemical Engineering xxx (2009) 
Material balances
The material balances ensure the conservation of mass around each unit and concerning each state involved in production scheduling:
, s = product, byproduct, ∀s ∈ S, ∀p ∈ P, p > p 1 (70)
Duration constraint
The duration constraint constitutes one of the most crucial constraints as it addresses the intrinsic aspect of time in batch plants. It simply states that the time at which a particular state is produced is dependent on the duration of task that produces the same state as follows:
Assignment constraint
The assignment constraint ensures that only one task takes place in a given unit at a given point in time:
Storage constraint
The storage constraint is, in essence, the extension of the mass balances. It ensures that the amount of a particular state that is stored at any point in time during the time horizon of interest does not exceed the maximum allowed:
Sequence constraints for combined scheduling and wastewater minimisation
In the presence of wastewater minimisation, the sequence constraints initially presented in Majozi and Zhu (2001) are modified as follows. The following constraint stipulates that the task corresponding to state s * in,j can only commence once all the previous tasks and their corresponding washing operations are complete:
Solution procedure
The solution procedure followed is similar to the method described by Gouws et al. (2008) . The linearised form of the model is first solved to find an initial starting point for the non-linearised model. The non-linearised model is then solved. The solution found for the MILP is a relaxed solution, and therefore can, in certain instances, be infeasible. However, this is not a problem since the solution from the MILP only serves as the starting point for the MINLP and gives an upper bound (or lower bound depending on whether one is maximising profit or minimising effluent). Furthermore, if the solution to the MILP is feasible and the objective function value of the MILP and MINLP are the same, then the solution to the MINLP can be taken as the globally optimal solution. An illustrative example is provided to demonstrate the effectiveness of the model and the solution strategy.
Illustrative example
The illustrative example involves three water using vessels with three contaminants present. The data used in the example is given in Tables 1 and 2 . The maximum water amounts given in Table 2 were calculated using Eq. (10).
The cost of treatment for effluent water is 200 c.u. A further specification given is the amount of water needed to produce the required product. For process 1, 1 kg of water (aqueous phase) is needed for 3 kg of raw material. For process 2, 1 kg of water is needed for 2 kg of raw material and for process 3, 1 kg of water is needed for 1.5 kg of raw material. To calculate the mass of raw material used, the mass of water used is multiplied by the required factor given above. This is shown in Eq. (75). The mass of product is simply the mass of raw materials T. Majozi, J.F. Gouws / Computers and Chemical Engineering xxx (2009) entering a unit excluding the amount of material removed by water during the units operation. This is shown in Eq. (76). The objective function used is the maximisation of profit and is given in Eq. (77):
The illustrative example was solved for both cases presented in this paper, i.e. the case where there is no storage and the case where there is storage for wastewater.
Wastewater minimisation without storage
The example was solved using GAMS, with CPLEX for the linearised model and DICOPT for the non-linear model with CPLEX as the MIP solver and CONOPT as the NLP solver. The computer used had a Pentium 4, 3.2 GHz processor with 512 MB RAM. The final value of the objective function is 1.860 × 10 6 c.u. The final solution was found in 2.52 CPU seconds with 72 binary variables. The total amount of effluent water produced is 552.73 tons. Had there been no recycle/reuse of wastewater the total effluent water would be 562 tons. This relates to a saving of 1.6%. Fig. 3 shows a Gantt chart of the optimum schedule that achieves the minimum wastewater. The bold figures below the lines show the quantity of fresh water used by that unit. Whilst indeed optimal, the solution shown cannot be considered globally optimum since the objective function value for the linearised model did not equal that on the non-linear model. The value of the linear model is 1.8602 × 10 6 c.u. The main reason for the difference in the objective functions is due to the fact that the solution found for the T. Majozi, J.F. Gouws / Computers and Chemical Engineering xxx (2009) MILP had infeasibilities in some of the mass balances. It is worthy of mention, however, that the issue of global optimality on time point based formulations like the one proposed, is subject to appropriate number of time points. This involves an iterative procedure in which the number of time points is incremented until there is no improvement in the objective function. In this case, convergence was achieved after 6 time points. Fig. 3 shows that unit 3 is constantly recycling to itself. The same can be said for unit 2. Unit 1 recycles to unit 3 after 2 h from the beginning of the time horizon. What is important to note is that the recycle/reuse amounts are restricted by multiple inlet concentration considerations. The reason why there has not been a large saving in wastewater is because the maximum inlet concentration of some of the contaminants is very low, which means that not much contaminated water can be recycled.
Wastewater minimisation with central storage
The illustrative example was also solved for the case where there is central reusable water storage. The maximum storage available for the wastewater is 200 tons. Important to note is that to truly minimise wastewater with storage the storage vessel should be empty at the end of the time horizon. Constraint (78) ensures that this is the case. Any water stored at the end of the time horizon would serve no purpose except to give a false savings in water used:
The computer used to solve the model had a Pentium 4, 3.2 GHz processor with 512 MB RAM. The problem was solved using GAMS with CPLEX as the MILP solver and DICOPT for the MINLP with CPLEX as the MIP solver and CONOPT as the NLP solver. The total solution time to the problem was 522.07 CPU seconds with 162 binary variables. The value of the objective function is 1.869 × 10 6 c.u. using 9 time points. The total amount of effluent water generated is 504.63 tons. Had there been no reuse or recycle of the wastewater the total effluent would be 562 tons. The solution achieved a 10.2% decrease in the total effluent water. Fig. 4 shows the Gantt chart for the solution. T. Majozi, J.F. Gouws / Computers and Chemical Engineering xxx (2009) The solution to the MILP in this case, as with the previous case, was infeasible. The value of the objective function used as the starting point for the MINLP was 2.07 × 10 6 c.u. Furthermore, this solution was not an optimal solution to the MILP, but it had a relative gap of 9.8%. When the MILP solution is forced to have a zero relative gap the solution times became excessive and the resulting solutions obtained from the MINLP were considerable lower in quality to that achieved by using the MILP solution with the higher relative gap. The only possible reason for this is that the solution provided by the MILP with a low relative gap starts the MINLP in a solution space dominated by a lower local optimum. It must also be noted that the solution obtained with a relative gap of zero was infeasible. This means that the usage of the higher relative gap solution is permitted. Had the zero relative gap solution to the MILP been feasible, then obviously one would have to use this solution as the starting point. Appropriate to emphasize, however, is the fact that the MINLP solution is indeed an optimal solution, albeit local.
As expected, the total water used in the case where there is storage is less than the case where there is no storage. The relative values of the maximum inlet concentrations will affect the amount of wastewater that can be reused or recycled. Had one of the maximum concentrations been zero for a particular contaminant for each unit there would have been no reuse or recycle of wastewater. What is also important to note is that the objective function not only minimises the wastewater but it also maximises profit. This means that to achieve the highest profit all the units will operate as many times as possible in a time horizon.
Literature example (Kondili, Pantelides, & Sargent, 1993)
The case study involves a well-published multipurpose facility which is commonly known as BATCH1 in literature. It mainly consists of three chemical reactions which take place in two common reactors. In addition to the two common reactors, the flowsheet also entails the heater and the separator, before and after the reactors, respectively, as shown if Fig. 5 . The STN and SSN for the literature example are given in Fig. 6(a) and (b) , respectively. The data for this example appears in Table 3 . T. Majozi, J.F. Gouws / Computers and Chemical Engineering xxx (2009) In order to illustrate the capability of the proposed technique, this multipurpose example has been enhanced by including compulsory washing operations after each of the reactions in each of the two reactors. The philosophy is that the reactors need to be cleaned after each reaction in order to remove contaminants that are formed as byproducts, so as to ensure product integrity. Data pertaining to cleaning tasks is shown in Table 4 . The variation in performance in the two reactors could be ascribed to differences in design, which is indeed a common encounter in practice. In addition to this data, it is known that freshwater cost is 2 c.u./kg of water whilst the effluent treatment cost is 3 c.u./kg.
The objective function for the literature example is the maximization of a profit function over a 10 h time horizon that takes revenue, freshwater and wastewater treatment costs as follows: Majozi, J.F. Gouws / Computers and Chemical Engineering xxx (2009) 
Results for the literature example
Fig . 7 shows the optimum production and wastewater minimisation schedule for the BATCH1 example. The values in curly brackets represent the amount of freshwater, in kg, used at any given instant. On the other hand, the values in square brackets represent reused water from one operation to another. The values on top of the horizontal blocks represent the amount of material that is processed for production scheduling purposes. This schedule corresponds to an optimum objective value of 21187.5 c.u., which is at most 1.4% from the upper bound set by the relaxed problem. Consequently, this solution is guaranteed to be at most 1.4% from the global optimum. Concomitant with this solution is the usage of 722.5 kg of freshwater. In the absence of possible recycle and reuse, the optimum objective was found to be 20236.1 c.u., which is a proven global optimum due to its convergence with the reformulated relaxed objective. This corresponds to 912.8 kg of freshwater use. Therefore, in addition to improving the economic objective function, exploitation of recycle/reuse opportunities results in almost 21% reduction in freshwater use and effluent generation.
Concluding remarks
The methodology presented provides a means to minimise wastewater in batch processes where there are multiple contaminants present. Two cases are dealt with, namely the case where there is no storage for the wastewater and the case where there is finite storage of wastewater. Both cases are solved using a novel solution method presented by Gouws et al. (2008) .
The proposed methodology does not require the schedule to be determined a priori as with other methodologies developed previously. The methodology rather determines the schedule that will generate the least amount of wastewater using recycle and reuse opportunities. To ensure that the least amount of wastewater is generated the schedule must be flexible to take advantage of this scenario. A further advantage of the schedule being flexible is that the methodology can be applied to any time horizon with relative ease and only the durations of the individual tasks needs to be specified.
The presented methodology finds broader application because it deals with wastewater with multiple contaminants, which is more prevalent in industry than wastewater with a single contaminant.
The model was applied to two example problems. In the first example, both direct and indirect reuse opportunities were considered. As is to be expected, the case where there was storage available for wastewater generated less wastewater than the case where there was no storage. The former had a 10.2% decrease in wastewater. Where there was no storage available for wastewater the water savings was only 1.6%. In the more complex BATCH1 literature example, this methodology resulted in 20.8% savings in wastewater generation, whilst taking scheduling considerations into account. It is worthy of note that one cannot compare water savings in a single contaminant process to water savings where there are multiple contaminants, even though they share similar characteristics. The amount of wastewater that can be saved will be highly dependant on the maximum inlet concentrations of the individual components.
